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ABSTRACT 


Let H be a real Hilbert space and B(H) be the 
C*-algebra of bounded linear operators on H with the usual 
Operator norm. This thesis is concerned with the self-adjoint 


c*-valued Riccati differential equation 


R(X] (t) = X'(t) + A*(t)X(t) + X(t)A(t) 


+ 


MCE VE Co) XCE) Se CKt) = 0. (x) 
We shall derive comparison ee for («*) under the 
assumption that A, B and C are continuous functions from 
some real interval J into S, the subspace of B(H) con- 
sisting of self-adjoint operators. Our main motivation for 
this study is the tremendous amount of research that has been 
done on scalar and matrix Riccati differential equations which 
occur not only in analysis but in control theory, dynamic 


programming and other fields in engineering. 
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PREFACE 


Chapter I is devoted to background information and preliminary 
results. In section 1.1 we present the basic terminology and a list 
of symbols that will be used throughout the thesis. Section 1.2 deals 
with integration and differentiation of B-valued functions. In sections 
1.3 and 1.4 we state a few basic facts concerning Banach algebras and 
self-adjoint operators in a Hilbert space, respectively. In section 
1.5 we study the properties of positive operators. An example 
illustrates the fact that some well known results about positive 
operators ina finite dimensional Hilbert space no longer hold if H 
is infinite dimensional. In section 1.6 we present theorems on the 
existence, uniqueness, and dependence on initial conditions of solutions 
of differential equations in Banach spaces. In section 1.7 we apply the 
results of section 1.6 to the Riccati differential equation (*). In 
section 1.8 we study the initial value problem X' = A(t)xX, X(t.) = Xo 
where A is continuous C*-valued function. If te € (a,b), we show 
that this IVP has a unique solution X(t) throughout (a,b) and that 
x(t} \-bS non-singular: onvia,o)) itt Xo is non-singular. With the 
exception of some theorems and examples in sections 1.4, 1.5 and 1.8, 
the rest of Chapter I is completely expository and can be found in the 
literature. 

The main results of this thesis are in Chapters II, III and IV. 
In Chapter II we study solutions of the Riccati differential 
equation R[X] (t) = 0 and solutions of the Riccati differential 
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inequality. We generalize the standard comparison theorems that are 
known for matrix Riccati differential equations to the c*-algebra case 
without any additional assumptions. 

In Chapter III we give comparison theorems for Riccati differential 
equations of the form xX* + x? + O(t) = 0 where the comparisons are of 
integral type. The proofs for the matrix case make use of the fact that 
if X(t) is a continuous matrix function such that X(t) > O° then 
X(t) > O for all t in some neighbourhood of to: This is not true 
if H is infinite dimensional as demonstrated by an example in section 
1.5. It is found, however, that these comparison theorems can be 
generalized to the c*-algebra case by imposing a condition on the spec- 
trum of the initial value. Other comparison theorems are also 
presented where, through the use of limit arguments, this additional 
assumption is not needed. 

In Chapter IV we give examples and combine the results of 
Chapters II and III to obtain additional comparison theorems. Some of 
the theorems of this chapter give conditions under which (*) has 
solutions that are positive throughout an unbounded interval, and hence 


they can be thought of as being non-oscillation theorems. 
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CHAPTER I 


INTRODUCTION AND PRELIMINARY RESULTS 


sl.i * Definitions and List of Symbols 


In this section we shall define the spaces that will be of 
interest and present the basic terminology used throughout the thesis. 

Let F stand for either R or C, the field of real and 
complex numbers, respectively. A complete normed space over the scalar 
field F is called a Banach space (B-space) over F. A complete inner 
product space over F is called a Hilbert space over F. The symbols 


| | and (,) shall denote the norm and inner product, respectively. 


Definition. An algebra over F is a vector space X over F in which 
to each ordered pair (x,y) € X X X there corresponds an element xy 


("x times y") of X subject to the following axioms: 


(i) (xy)2 = x(yz) 
(i) (XY) 2, = xe oe OV Ee) = XV XZ 


(iii) (ax) (By) = (a8) (xy) 
for all .x%,V7; Zin xX “andigoe.exr. 


Definition. xX is a Banach algebra over F if it is a B-space and an 
algebra over F that contains a unit element e such that | e || = 1, 
xe = ex = x for all xe X, and the inequality || xy||< |x|] || yl] is 
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Definition. If xX is an algebra over F then an involution on xX is 
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aumapping x > x*. of ~X into ox which satisfies 


(i) x** =x 
(73) (xy) * = y*x* 


(fii) (ax+By)* = ax* + By* 


TOreal lex. Vite X ang somes e ©. Here a denotes the complex con- 


mcate of <a .¢ F; 


Definition. xX is said to be a C*-algebra over F if it is a Banach 


algebra over F in which | xx* || = itil? For iallees eax. 


It follows immediately from this definition that an element 
moe OL. a C*-algebra gatieties the inequality I> || < || x*|| < || x*| 
= | x|| and hence we must have || x || = || x* ||. 

If the word 'real' or 'complex' prefaces a space it indicates 
the scalar field for that space. 

We now present a few relevant and well known results from 
functional analysis (see e.g. Rudin [24]). If xX is a B-space then the 
space B(X) of bounded linear operators on X with the usual operator 
norm 

all = | sup || axl 
x{} =1 
is a Banach algebra. In addition, if H is a Hilbert space and 
A e¢ B(H) then there exists a unique A* e B(H) (called the adjoint of 
A) such that (Ax,y) = (x,A*y) for all x, y.¢ H. The mapping A > A* 
is an involution on B(H) and B(H) is a C*-algebra relative to this 
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An element A of B(H) is said to be self-adjoint if A = A*. 
It is clear that any closed self-adjoint subalgebra of B(H) is alsoa 
C*-algebra. Every C*-algebra can, in fact, be shown to be isometrically 
isomorphic to such an algebra (J. Dixmier [6], p. 45). Pe Shen » DAH) 5 
the most representative example of a C*-algebra, that we shall study 


Riccati differential equations. 


Last of Symbols 


A* Adjoint of A 

afc Inverse of A 

I Identity operator 

J | An interval in R 

0 (A) The resolvent set of A 
o (A) The spectrum of A 

ll Norm 

ry 3) Inner product 

Q) Denotes end of proof 


Symbols. for particular spaces. These symbols will be used throughout the 


thesis to mean the following: 


> The empty set 

R The real field 

¢ The complex field 

X A real B-space 

H A real Hilbert space 


B(x) The real Banach algebra of bounded linear operators on X. 
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B(H) The real C*-algebra of bounded linear operators on H. 
Ss The closed subspace of B(H) consisting of self-adjoint 
(symmetric, hermitian) operators 


C[(U,V] The space of continuous functions from U into V 


The letter xX will sometimes represent an operator. It will 
be obvious from the context whether X is a bounded operator or a real 
B-space. 

We have taken the scalar field to be R throughout the thesis 
since S then is a Banach space, a fact that we shall need in the 
future. Nevertheless, all results of Chapter I (with the exception of 
Theorem 1.4.1) are valid even when the scalar field is complex. Also, 


the results of section 1.2 hold even if ‘X is just a normed space. 


§1.2 Integration and Differentiation in B-spaces 


Let J bea real interval and X a real B-space. Elements 
of the space C[J,X] are called abstract functions. The calculus of 
abstract functions is the topic of this section. We shall present the 
results that are of interest to us without any proofs. The proofs are 
very straightforward generalizations of those for the scalar case. This 
topic has been extensively dealt with by a variety of authors. In this 
regard we refer to the texts of J. Dieudonne [4], L.V. Kantorovich and 
G.P. Akilov [15], G.E. Ladas and V. Lakshmikantham [17], J.T. Schwartz 


(25) .and GE. Shitovi fze)- 


Continuity and Differentiability 
The usual definitions of boundedness, continuity, differenti- 


ability, and so on apply for abstract functions. For example, the 
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abstract function x:J +X is continuous at the point om Soy, be 

|| x(t)-x(t,) || = (OCGAS bie ty and continuous on J if it is 
continuous at each point of J. The convergence here, as throughout 
the rest of the thesis, is relative to the norm topology. 

Abstract functions behave like ordinary ae aa in many 
respects. For example, continuous abstract functions map compact sets 
into compact sets and hence are bounded on compact sets. Also, a 
continuous abstract function is uniformly continuous on a compact set. 
For convenience the word abstract will be left out from now on. 

x(t) is said to be differentiable at a point Co WeTimt ne 
limit 

x(t +h) -x(t.) 
x'(t.) = lim anita. ei! 
h>o 
called the derivative of x(t) at t= tor @xists in’ x2 Lf Ee is an 
endpoint of J then the appropriate one-sided limit is taken. x(t) is 
differentiable on J if it is differentiable at every point of J. The 
following properties of differentiation are the exact analogues of those 


for scalar functions: 


Ly «if -x(t) asec rerentiapie at to then it is continuous 
at "6 ‘7 
fe) 


2)) If. x eACi ia, Ole) and | x'(t) || <K on {a,b] *ithen 
|| x(b)-x(a) || < K(b-a). 


3). Tf x(t) Gs differentiable on. [arb] then 


x(b) - x(a) € (b-a) co {x'(t):tela,b]} 
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where co denotes the closed convex hull. 

4) If x(t) and y(t) are differentiable on J then so is 
Oxte) +) y(t), Ge Kevandempax(t) ty (t)]" = ax'(t) + oy "(ey 

Bb) 1f ZX \ileveebanacn aigebra, x(t), and: y(t) a 


differentiable on J, then so is x(t)y(t) and 
(X(tyy Ve) ee ait) y(t) + x'(t)y(t). 


6) If x(s) is differentiable on J and s(t) is a real 
function with values in J and differentiable at a then the composite 


function y(t) = x(s(t)) is differentiable at ts and 
“ey t a t ' 
y (t)) x (s(t ))s oe 


7) %&«If x(t) ais differentiable, X' is also a B-space,and A 


is a bounded linear operator from xX into xX' then 
[Ax(t)]' = Ax'(t). 
Also, if A= A(t) is differentiable then 
[A(t)x]' = A'(t)x, pe 


8) If H is a Hilbert space and A ce C[J,B(H)]. is 


differentiable on J then 
[(A(t)x,y)]' = (A'(t)x,y) 
foro akl vi, VY yee. 


The Riemann Integral 
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with diameter 


we can form the Riemann sum 


n= 
Ss. = % x(T Ot, 
1=0 


If there exists an element I of xX _ such that S,, tes eEOY eVery 
n 
sequence of partitions {nw} for which [7 | +O we say that I is the 


integral of x(t) over fa,b] and write 


As in the scalar case we have the following properties of the 


integral: 


1) If x € Cilfa,bl x] then fe x(t)dt exists. 


2) in x(t)dt = - ie M(tyat, if at least one of the integrais 


exist. 


3) fe x(t) dt i K(tjaqt + mi x(t)dt provided that the 
integral on the left exists. 

4) JP fax(t)+y(t)]dt = o f2 x(tyat + fe SESS, Wey grea eae 
if the integrals on the right exist. 


5) || JB xceaell < JP ll xtelfat if x © cllarbl x1. 


6) e x dt = (b-a) x 
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dy 42844 (t)iiseinteqrable;on [a,b] then 


b 
= J x(t)dt ¢ co {x(t) :te[a,b]} 
a 


8) If xX is a Banach algebra and x ¢« C[[a,b],X] then 


b b 
flx(e}yde = ( x(t) at)y 
a 


a 


tone y © X. and similarly for ieft multiplication. 
o)) “lh. xX eC itasolsn, X°) isialso a B-space, and A’ isa 
bounded linear operator from X into xX' then 


b b 
J axterat = a (eat) 


a a 


Also, if A= A(t) is’ continuous on [a,b] then 


b b 
f A(t)xdt = ¢ a(t) at)» 
a a 
for eX. 


10). -TE: xserCilarvniy <i then 


. ' 
f x(s)4s] = x(t) 


a 


for all te -(azbi: 


11) If x(t) ais continuously differentiable on [a,b] then 
ic 


x(t) = x(a) + f x'(s)ds 
a 
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12) If xX is a Banach algebra and x(t) and y(t) are 
continuously differentiable on [a,b] then 

b b b 

fo x(t)y'(t)at = x(t)y(t)| - fo x'(tpy(tyat 

a a a 

13) If u(t) is a real, continuously differentiable function 
on [a,b] and x is a continuous abstract function on {u(t) ste la,b]} 
then 

u(b) b 


if &(s)idsa=sf sox (u(t))ul(t)dt: 
u(a) a 


Improper Integrals 


Let x:[a,b) > X be an abstract function not defined at 
bis @. If x(t) ismemtegradle on every interval [a,c] © [a,b) then 


the improper integral of x over f[a,b) is defined as 


b-€ 
lim Siateyde ~ if «b < © 
€-7O Wina! 
and 
N 
lim f x(t)dat fo Ss 
Noo a 


provided that the limit exists. 


Sequences and Series of Abstract Functions 


Let x(t) be a sequence cof abstract functions. We say x ft) 
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converges ‘to’ «x(t) pon’-faybyu-1£ Lim || x (t)-x(t) || = 00" forveach 
t ¢ [a,b]. Moreover, we say x(t) converges uniformly to x(t) on 
faypbp}ioLe 

lim | sup | x (t)-x(t) || = 0. 

n> te[a,b] 


The following results from elementary analysis hold for 


sequences of abstract functions: 


1) The limit of a uniformly convergent sequence of continuous 
functions is itself continuous. 
2m be x(t) is a sequence of functions integrable on [a,b] 
which converge uniformly on [a,b] to x(t) then Ste) etas also _ 
integrable and 
£ t 
Lim 9 x (s)ds = | x(s)ds 
nro a a 
holds: uniformly fortially € ¢. fa,bpli. 
3). Let x ft) be a sequence of continuously differentiable 
functions on [a,b] that converge for at least one point in [a,b]. 
Suppose that the sequence x) (t) converges uniformly on [a,b] to y(t). 
Then the sequence x(t) converges uniformly on [a,b] to a continu- 
ously differentiable function x(t) with derivative 
x'(t) = lim xt (t) = y(t) 
n-0o 
We say that the infinite series ) x (t) converges on 


[a,b] if the sequence of partial sums st) Ge converges on 
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[a,b]. The preceding two results give sufficient conditions for term- 
by-term integration and differentiation of a series of abstract 
functions. 

The results of this section will be used implicitly in the 


succeeding chapters. 


§1.3 Non-singular Elements of a Banach Algebra 


We consider the Banach algebra B(X) where xX isa real 
B-space. We say that A ce B(X) is non-singular if there exists an 

ope ee A -l ~] 
element A in» B(X)G jealied the inverse of ‘A, such that AA” =A A 
= l.-where. = - is the unit ‘in. B(x). 


We show now that the unit ball about I consists of non- 


singular elements. 


THEOREM 1.3.1 If Ae B(x) and |{al| <1 then I-A is non- 


Singular. 


n 
Proof. Let S = } A 


From 


Ws-sl = ll Sati < 3 tall? 
n+1 n+l 


follows the fact that Sa converges to an element S of B(X). Note 


_ 
that (I-A)S_ = S$ (I-A) = 1 - pee, Lemence OCroRyote St IonyY = U. 


That is, I-A is non-singular with inverse S. q 


COROLUARY L.3.2 If «A e.O(X)and || a-1|| <1 then A iS non-singular. 


Proof. This follows immediately from the above theorem since 
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A=I1- (I-A) and || r-al| <1. 


The following theorem shows that the set of non-singular 


elements is open in B(X). 


PUEOREM  Leseo , LL A, ¢ B(X) is non-singular and Il a-a, || < calle 


then A is non-singular also. 


Proof. We have 
-1 
A=A - (A -A) =A [1-A “(A -A)]. 
fo) fo) fe) fe) fe) 


[1-a*(A-a) ] is non-singular by Theorem 1.3.1 since || a (aA) || ag 
Thus A is non-singular being the product of two non-singular elements. 


O 


It is also easily shown (Rudin [24]) that the set of non- 
singular elements of 8(X) is a group and that the mapping A > a 


is a continuous map of this group onto itself. 


§1.4 Spectral Theory of Self-Adjoint Operators 


Let H bea real Hilbert space and S the subset of B(H) 
consisting of self-adjoint operators. We have the following result 


concerning S. 
THEOREM 1.4.1 S is a Banach space (with the same norm as B(H)). 


Proof. Since the scalar field is real it is easily verified that S is 
a subspace of B(H). Now suppose that {a} is a sequence of self- 


adjoint operators that converge in B(H) to A. That A is also self- 
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adjoint follows from the fact that 


(Ax,y) = lim (A xy) = lim (x, Ay) = (x,Ay) 
n sen 


for all 2; y © H. " Thusips) as a closed subspace of. B(H), and is 


therefore a B-space. A 


S is not a Banach algebra since the product of two arbitrary 
self-adjoint operators is not necessarily self-adjoint. We have the 


following result however: 


THEOREM 1.4.2 If A and B are self-adjoint operators that commute 


(i.e. AB = BA) then AB is also self-adjoint. 


Proof. Follows immediately from 


If A eS then it can be shown. (Plesner [21], p..199) that 


the norm of A can be written as 


| all = \ eer | (Ax, x) 


The greatest lower bound and the least upper bound of a self-adjoint 


operator A are defined by 


m(A) = inf (Ax, x) and M(A) = sup (Ax 50)-, 


respectively. It then follows that 


|| al] = max {|m(a)|,|m(a) |}. 
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If A c B(H) then we say that A is in the resolvent set 
o(A) of A if dAI-A isa bijection. Note that by the open mapping 
theorem AI - A is a bijection iff it has a bounded inverse. If 
A ¢ p(A) then A is said to be in the spectrum o(A) of A. 

A direct consequence of Theorem 1.3.3 ore o0(A) is open 
and hence o(A) is closed. From Theorem 1.3.1 it also follows that 
o(A) ¢ [-|| a|| Pate ea Thus o(A) is a compact set. Since our scalar 
field is real it is not necessarily true that every bounded operator has 
a nonempty spectrum. However for self-adjoint operators we have the 


following result: 


THEOREM 1.4.3 -If \ Ae S then’ oc(A) ¢ [m(A),M(A)]. Furthermore, m(A) 


and M(A) belong to o(A). 


Proof. See Liusternik and Sobolev [18], p. 148. q 


Thus every self-adjoint operator has a non-empty spectrum. We 


now show that m(A) and M(A) are continuous functions of A. 
THEOREM 1.4.4 m and M belong to cC[S,R]. 


Proof. Let A and A, be self-adjoint operators and x an arbitrary 


element of H with | x|| = 1. Then 


(Ax,x) (A x, ) + (A-A_) X,X 


[A 


(A x+x) + || A-A || (1) 


and hence m(A) < mA) + I| a-a,| - - Also, 
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(A x,X) = (Ax,x) * ((A -A)x,x) 
fo) fo) 
< (Ax,x) + || a,-All (2) 
and hence m(A_) < m(A) + || A -al| - Therefore |m(A) —m(A,) | < | a-a,ll 


and we conclude m is continuous on S. 


Similarly, from equations (1) and (2) we obtain 
M(A) < M(A_) + || a-a_|| 
= fo) fe) 
and 


M(A,) < M(A) + || a all, 


respectively. Thus |M(a)-M(Aa_) | || A-A. || and M is also continuous 
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§1.5 Positive Operators 


We now define a partial ordering on B(H). 


Definition. A positive operator, A > 0, is a self-adjoint operator that 
Saristies (Ax,x) > 0) foriait i 214, %.*°0. If the strict inequality 
is replaced by an inequality we say that A is non-negative, A> 0. 


Non-negative operators have the following properties: 


Ll): Tf A> 0, Boz 0;7 and. co Ms. a non-negative real number 


then aA +B > 0. 


2) Lf Ave .0 and Ane 50 then A= 0. 


That is, the set of non-negative operators is a strict positive 
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cone in B(H). 


Definition. For A, B ¢ B(H) we say A> B (A SiR) ae teak 28 > 70 
(A- B> 0). A _ self-adjoint operator C is said to be non-positive 
negative) if-°0 >"C (Ore) 

2S Se Seen = (Aye) then we also say  B <A (B< A) grrom 
the discussion above it is seen that ">" and "<" are partial orders 
on B(H). Note that by our definition, a non-negative operator is 
required to be self-adjoint. This condition is not always imposed but 
we do..sO since otherwise "=" is no longer a partial order on B(H). 
For example, if H = Re and A is the operator representing rotation 
by = then (Ax,*)-= Oe forte ox eoH. Thus A> 0) and Ay< 0 but 
A #0O and hence ">" is not a partial order. Imposing the condition of 
self-adjointness removes this problem. 

We now show that the set of non-negative operators is a closed 


strict cone in B(H). 


LEMMA 1.5.1 fF x ¢ BH. then vthe function fA) = (Ax,x) belongs to 


C{B(H),R]. 


Proof. ‘Tf A, A, e B(H) then 


|£,(a)-£, (A) | = | ((a-a,) x.) | 


[A 


lJ a-an ll ll «ll? 
and Bares f.. e-CIBtH) Rin : 


THEOREM 1.5.2 The set of non-negative operators is closed in B(H). 
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Proof. Suppose A, tO. Then there exists a x, Hy Xo #7 0 such 
that f. (A) < 0. Thus by our lemma, oe (A)i =< 0 feral: “A in: some 
° fe) 


neighbourhood of A.: This shows that the set {A:A + 0} is open in 


B(H) and hence the set {A:A 220} is closed in 8B (H)r. q 


COROLLARY 1.5.3 If A:R + B(H) is continuous at t, and A(t.) t+ 0 


then A(t) ag for all t in some neighbourhood of to: 


GOROLLARY.1.5.4 If A & C[fa;c},B(H)} and A(t) > 0 on fa,c) then 


atc). > “0. 


The corollaries follow immediately from Theorem 1.5.2. Riccati 
differential equations involving abstract functions like those in the 
above corollaries is the topic of this thesis. In particular, we shall 
be dealing almost exclusively with abstract functions from R into S. 
The following result gives a condition under which such an abstract 


function is bounded. 

THEOREM: 1.5.5. If%. A, BYE Chlayeias)y, «x .€ Clla.c) ,S)) cand 
A(t) oO. Kt) > B(t) 

forall. tc [a,c) then xteiees voundea on. l[a,c). 

Proof. For, any x € H, || x|| =] and te f[a,c) we have 


(X(t)x,x) < (A(t)x,x) < sup || A(t) || 
[a,c] 


and hence M(A(t)) < sup || A(t) || forsall Otc. [a,c ase, 
[a,c] 
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(X(t)x,x) > (B(t)x,x) > - sup || B(t) || 
ta,c] 


ancd=hence m(A(t)) > -— sup || B(t) || forall -tve la,c}.. einus 


fac! 
[| x(t) || = max{|m(a(e)) |, |m(a(e)) |} 
< | maxWicup ailA(t) ||, sup, || B(t) || 
[a,c] [a,c] 
Boreal lost 6 [A,C). Aves xe) ais bounded on [a;c):. aq 


Lt tsiclear pirem the cefinition that A > 0° iff. m(A)>> 0. 
Also, 12 m(A) > 0 then A> O but not conversely as we will soon see. 
Pus oA euO, A + 0 implies that m(A) = 0. In fact, the next theorem 
characterizes non-negative operators that are not positive as those 


having zero as an eigenvalue. 


THEOREM 1.536): Tf; Ai > Onnands, & + QO. then there exists ‘a x, € 4H, 


wirtirOi such«that.«. Ax o:= <0. 
fe) fe) 


Proc’. See A. Plesner,{(20)7 p27 201. q 


From Corollary 1.5.4 and Theorem 1.5.6 we obtain the following 


result. 


GOROLLARY, 1.5.7. Lf “Ave Cillaver oh) i eat). >. 0; on fa;c)e band 


A(c) + 0 then there exists a x0 H, Xo ~ 0, such that A(c) x, = 0. 


If H is finite dimensional and A, > O then m(A_) > 0 and 


hence A> O for all A in some neighbourhood of A, inter al iwhus the 
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set of positive operators is open in S. This is not true in an infinite 


dimensional space as the following example shows. 


Example. Let H=2, 


im oD alate A 
a, 5 (t) = aus 1) tt gle 


where ae is the Kronecker delta, and A(t) = ee a That isi Alt) 


1 


oe 
is the infinite diagonal matrix diag{ (-1)” t+ =}. Since 


n ja. (t) | eas la 2,3. oe 


j=1 


JA 


and 


[A 


Cle miee eye 12,35. 6-5 
| t| 


i 18 


Lac (tb) 
os) 


then, by a theorem of Schur (A. Taylor [27], p. 328), A(t) represents a 
bounded linear operator on 27 Zorvall tt. - Or more digectiy, if 


x = (x) € g? and || ip denotes the 4g? norm then 


2 
|| a(t) x|| 7; ae [(-1)"* ex + al 
n=1 
2 2 n,2 
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since it is a diagonal matrix. We now show A(t) is a bounded operator 
forall t. The spectrum of A(t) is the closure of its diagonal 


elements and hence we obtain 
‘ + : 
PRES seed e  ereni eg tet = Senior et (1) 


By inspection of (1) we find 


m(A(t)) = -|t| (2) 
and 
M(A(t)) = max{1+t,-t} 
Perey ttl ts 
= (3) 
Mita tl = % 


From (2) and OCs): Wwe obtain 


[| ace) || = max{|m(ace)) |, {m(a(e)) |} 


M(A(t) ) 
me CRT i 


kL -t, 155 


[A 
t 
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This shows A(t) e S for all t. Now, for any real numbers t and ty 
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Therefore | A(t)-A(t,) || = jt-t, | and «A ¢.C(K,Sk.gsAts.t = 0, we see 
that 
Zz 
x 
(A(0)x,x) =] +> 0 
n 


forsaligx # Ouvandshence gA(0)4> Oven It..is.clear frome«..\(2). -however 


Soak qAithw 0 cfomall, t 4 0. 


in ‘summary, A cecik-oi) and A(t) >°O iff .t'= 0. Therefore 
the set of positive operators is not an open subset of S. However there 


is a subset of the set of positive operators that is open in S as the 


following theorem shows. 


THEOREM 1.5.8 ‘In any Hilbert space H, ,the set {A > 0:0 ¢ S(A)Fs Zsi an 


open subset of S. 


Proof. If A, >O and 0 ¢ o(A.) then m(A\) > 0 and hence m(A) > 0 
for all A in some neighbourhood of A, in -S: (by Theorem 1.4/4). 
Clearly, A> O and O ¢ GtAle for all operators “A “in this 


neighbourhood. O 


COROLLARY 1.5.9 If A:R +S is continuous at toy A(t.) > 0 and 


O ¢ o(A(t)) then A(t) > 0 for all t in some neighbourhood of to: 
Finally, we present two last results about positive operators. 


THEOREM 1.5.10 If A and B are positive (non-negative) operators that 


commute then AB is also a positive (non-negative) operator. 


Proof. See A. Plesner [21], p. 201. 0 
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An application of Theorem 1.5.10 is the following: 


COROLLARY 1.5.11 If A and B commute and B>A>O [B>A> 0] 


Enen BS > ki > 0° BGP net eva). 


Proof. ff A and B commute then so do B+A and B=A_ with 
(B+A) (B-A) = (B-A) (B+A) = B? - noe The corollary now follows immediately 


from Theorem 1.5.10. q 


§1.6 Ordinary Differential Equations in Banach Spaces 
A great amount of research has been done recently and several 
texts published on the theory of ordinary differential equations in 
Banach spaces. In this regard we refer to the texts of K. Deimling [3], 
S.G. Krein [16], G.E. Ladas and V. Lakshmikantham [17], and R.H. Martin 
[19], and to the research papers of J. Dieudonne [5], G.J. Etgen and 
R.T. Lewis [8], T.L. Hayden and H.C. Howard [ll], and E.S. Noussair f20)].. 
Let J bea real interval, D a closed subset of a real Banach 


space xX, and f£ a function from J x D into xX. We consider the 


initial value problem (IVP) 


SC ree. Gee) e x (ey paix (1) 
fo) fe) 


where (t 7X) é J X D. In this section we shall quote several theorems 
concerning the existence and uniqueness of solutions of (1) and their 
dependency on initial conditions. 

In case X= R™ it is well known (Peano's existence theorem) 
that continuity of f£ in a neighbourhood of (t 52%) implies the 


existence of a local solution of (1). Ladas and Lakshmikantham [17, 
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p. 128] provide counterexamples that show this result cannot be general- 
ized to infinite dimensional spaces. However a generalization of the 


classical Picard-Lindelof theorem is possible. 


THEOREM 1.6.1 Let B(c;r) denote the closed ball of radius r with 
center c. Let R= B(t 7a) x B(x 7b) and suppose that lf (t,x) | <M 
ever.) ltt (t,x), iS comermmuous in t+ for each fixed x and 

| £(t,x,)-£(t,x,) || < kl Per oe for (t,x), (t,x) € R where M, 
Ke 0 othen (1) has a unigue solution x(t) on B(t ia) where 


ee 


a 


z|(o 


min{a, 


Proof. See Ladas and Lakshmikantham [17], p. 129. 0 


Now suppose that J is a real interval and D a closed 
subset of X such that (to 1X) é€ J X D. Suppose also that 
x:T,, >+>D and ae > D “are solurions of (1) on Je Gude cane 
J) «J, respectively... We savy that .y is a continuation of: =x if 
ieremeernana= y(t) = x(t) Pore ele we. e hs We say the solution x(t) 
Or (1) 71s noncontinuabic af it) has no proper continuation. “If "“x <"y" 
is defined to meansthat -y is aicontinuation of “x” then *"<"" is a 
partial order on solutions of (1). By use of Zorn's lemma, the following 


result can be proved. 


THEOREM 1.6.2 If £ e€ C[JxD,X] then every solution x(t) of (1) has 


a noncontinuable continuation y(t). 


Proof. SeéhReHseMartin (19), (pa L992 q 


Note that if (1) has a unique solution then it has exactly 
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one noncontinuable solution. 

bet ix (t)tbewa Aol wtiom of ta(1)<<and 2 ae > D be the 
noncontinuable continuation of x(t). The interval By n Leen) is 
called the right maximal interval of existence of x(t). We say that 
a nN Les.) >I yis a ion of (1) that is noncontinuable to the 
meghnt. YA local solution to the right is. a solution to (1) of the form 
omer cto) +> D, for some 6 > 0. Analagous definitions can be made for 
solutions to the left in an obvious manner. 

For the case X =R° there is a “continuation of solutions" 
theorem that says if fe Cl[t ,t ta] xx, xX] then any solution x(t) of 
(1) exists either ou [t,t tal or on [t 78) with | “6 te (to, tita) and 
|| x(t) || +s as t-+6. Ladas and Lakshmikantham ([17], p. 131) give 
an illustrative counterexample to show that this result does not hold in 
infinite dimensional spaces. It does hold however if additional condi- 


tions are imposed. 


THEOREM 1.6.3 Suppose that f € C[JxD,X], and maps closed bounded sets 
into bounded sets. Suppose also that (1) has a local solution to the 
right for each (to 1X) € J°X.D with ng not a right endpoint of J. 
Le xiJ >+'D’ isva Solution to the right of tthe “IVP (1) that is non- 
continuable to the right then either J, = Jn henna or J, = (tyre), 


for some c > aa and || x(t) || +o as tc. 


Proot. See Martin [19], p.. 200. q 


Theorem 1.6.3 with the obvious modifications also applies to 


solutions to the left. 


An example of Dieudonne [5] shows that the condition f map 
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bounded sets into bounded sets is a necessary condition for Theorem 1.6.3 
to hold. We now examine the effect that perturbing the initial condition 
(and the differential equation itself) of (1) has on its solutions. 

The theorem that follows is a weaker form of one given by Martin in his 


text -({19), p.°222) 


THEOREM 1.6.4 Let (t 51%) € J X¥ X with Pa not a right endpoint 


of J and suppose the following conditions hold: 


co 
(i) if des are continuous functions from J x X into xX, 
where f£ =f, 
fe) 
(ii) The IVP (1) has the unique solution u(t) whose domain 
contains [tb] Cis 
(iii) For each R>O there is a continuous function 


paid + [0,%) such that 


|| f (t,x)-£, (try) ive p p(t) | x-y || 


for ail (t,x), (ty): € J xe ewaen | x || ' || y|| SR ane f Osea tT 
ne, 0. 
(iv) £ ftex) > £(t,x) uniformly for (t,x) in each closed, 


bounded subset of J xX X. 


Now suppose that (tx) > (t 07%) invtdix x and Let u(t) 


be a noncontinuable solution of the IVP 


us = £ (tru), Uath ) = x (25 
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of u(t) contains [t 7b] FOR aT on cage ALSOArLOr ganvss:£)>, 0 


pnrere exists: a n(¢€). 7m such that | a (t)-u(t) || SG) efor. al 1 


fo) 
t.€ [t 7b] qn [t 7b] and -all—= n= n(e). 
Note that if tA = ha for all n then the sequence 


inp ‘s inin, converges to u(t) uniformly on [tb]. 


Proof. See Martin [19], p. 222. q 


A result identical to Theorem 1.6.4 holds if u(t) isa 
solution of (1) on an interval of the form [a,t ]. Combining the 


two results yield the following corollary: 


COROLLARY 1.6.5 Under the same conditions as in Theorem 1.6.4, if u(t) 
is a unique solution of (1) whose domain contains [a,b] with 
ty € [a,b] ¢ J, then there is a subsequence tu (t)} such: that 

ne 


ue (CO) att) uniformly on file, ie 
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§1.7 Riccati Differential Equations - Uniqueness of Solutions and 
Dependence on Initval Conditions 


Let J be a real interval, H a real Hilbert space and S 
the subset of B(H) consisting of self-adjoint operators. We will 
apply the results of the previous section to the general Riccati 


differential equation 
: 
xX" +A (t)X + XA(t) + XB(t)X + C(t) = 0 
where A, B and C are functions from J into B(H). 
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IVP 


X’ + A (te) PeXA ED + KB(L)X + C(t) =-0 
(1) 


A(tA) = xX 
fo) fo) 


has a unigue local solution for every ree) ¢ 0 x B(H)® 


Proof. This theorem follows directly from the Picard-Lindelof theorem 


(Theorem 1.6.1). Let 

£(t,X) = -[A* (t)X+KA(t) +XB(t) X+C(t)]. (2) 
Glearly,»for,each fixed @X ¢ubiH), €(t,X) is continuous for all te J. 
TE ty er(arD), pick Gy, Gyeanoe) Such that Rk = B(t 70) x B(X_;8) 


cox B(H). Let K, = sup | CXS) | Pies 


= sup || B(t) || and 
t 


K, = sup || e(t) | , where the supremum is taken over B(t ia). We have 
t 
| €¢¢,x) || = || a* (t) x+xA (t) +xB(t) Xtc (t) || 
2 
< 2K, (| x ll +8) + x, (| x ll +8)~ + X, 


For’arre’ (t\xX) "eR. ALSO; 


| BC tye) 2 (t,¥) || 


l| (A* (t) X+KA (t) +XB(t)X+C(t)] - [A*(t) Y+¥A(t) +¥B(t) ¥+C(t) ] || 


|| a* (t) (X+-¥) + (X-¥)A(t) + XB(t) (X-¥) + (X-¥)B(t)¥|| 


JA 


[2K, +2 (|| x Il +8) } || x-¥|| 


for all (t,X), (t,¥) € R. Thus by Theorem 1.6.1 (with B(H) as our 
B-space) the IVP (1) has a unique local solution. Now if me =a the 


above statements still hold if we take R= [tt tal x B(X_ iB) and we 
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conclude that (1) has a unique solution to the right. Similarly, if 
Les is the right endpoint of J then (1) has a unique solution to 


the left. 


This next theorem explains why we have chosen the scalar field 


for H ‘to be «Rk. 


PICOPEMGL 7.2 situa CoC Otmvand “B,C é Cld,ol, where, d= la,bl; 
then the IVP (1) has a unique local self-adjoint solution for every 


Geaakse ). God. XS. 
(oy Be, 


Peootw. 1th, (t,x) 6:0 xe aetnen 


£(t,x)* - [A* (t) X+XA (t) +XB (t) X+C (t) ]* 


~ [XA (t) +A” (t) X+XB(t) X4C (t) J 


£ (sxe 


Thus sce, 3), ois. a functionmesemses & SU into:.S. “That: -£(t, x)" is 
continuous in t and Lipschizian in X is proved just as in the 
previous theorem. Thus, by Theorem 1.6.1 (with S as our B-space now), 


(1) has a unique local self-adjoint solution. q 


Theorem 1.7.2 holds only if H is a real Hilbert space. Note 
that under the conditions of this theorem a solution X(t) of (1) is 


self adjoint on some interval J, TEL X(t.) is self-adjoint for some 


We now consider the behaviour of a noncontinuable solution of 


(1). 
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THEOREM 1.7.3 Suppose that x, & BRS. andr Ay) BE. Ce C{{t.,b) ,B(H)]. 
fo) Sb) as a solution of *_(l) such that its right maximal. interval of 


existence is [t 7a), withs a. < b, then | Gil | >eo as tra. 


Proof. Let £(t,X) be as in equation (2). Clearly f« C{{t ,b)xB(H), 
B(H)]. In the course of proving Theorem 1.7.1 we showed that £ maps 
bounded sets into bounded sets. Also, by Theorem 1.7.1, the IVP (1) 
has a local solution to the right for each (t +X) € [t 7b) x B(H). 

The conditions of Theorem 1.6.3 are therefore met and this theorem 


follows immediately from it. q 


Finally we show that solutions of (1) depend "continuously" 


on the initial data. 


THEOREM 1.7.4 Suppose J is a real interval and A, B, C e C{J,B(H)]. 
Let ee €,la,b] << J andvsuppase. X{t) “is a solution of the IVP (1) 
whose domain contains [a,b]. Suppose that (to X PL) > (to 7X70) 

Oi ay 4c (Hh), & Oth) as iio) Orr u(t) is the noncontinuable 


solution of the IVP 


U' + aA*(t)U +U A(t) +U B(t)U + C(t) +P =0 
n n n n n n 


UG) ek (3) 
mr n 


for n= 1,2,3,..., then there exists a subsequence {UL (ey oe such that 
i 


UL (t) > X(t) uniformly on— [a,51- 
i 


Proof. This theorem follows from Corollary 1.6.5. We have to show 
conditions (i) through (iv) of Theorem 1.6.4 hold: 


(i) We have 
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£5 (tek) c= ~ (A* (t) X+XA (t) +XB (t) X+C (t) +P] 


BOmeiei. si 2) Se a ane £ (t,x) = £(t,X). Clearly fo € C[JxB(H) ,B(H) J 
fOr We 1O, lees ac) e 
(ii) The solution X(t) is unique by Theorem 1.7.1. 


Crit e, Der Pl xe oan Rehr 


|| £,, (tx) -£, (t,¥) || 


|| A* (t) (X-¥) +(X-¥) A(t) +XB(t) (X-Y¥) + (X+Y¥) B(t) || 


[A 


pp (t) || x-y|| for all (t,x), (t,Y) € 3 x B(H) where 


p(t) = 2i[ ace) |] + 2R]| Bt) || . 


Thus condition (111) of Theorem 1.6.4 is satisfied. 


(iv) Clearly, ff teX) efit, x) uniformly on. of x 6(H).. 


The conditions of Theorem 1.6.4 are met and hence this 


theorem has been proved. 0 


§1.8 Linear Differential Equations - Fundamental Solutions 

If B(t) =O in the Riccati equation we get a linear 
differential equation. Linear differential equations in Banach 
algebras have been dealt with by, for example, E. Hille [13] and most of 
the results of this section can be found in his text. 

Consider the following initial value problem for a linear 


differential equation: 


X'S ACC) 4 Bete XC Co) X(t) = x (1) 
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All theorems from section 1.7 also apply to this initial value problem. 
For example, by Theorem 1.7.1, (1) has a unique local solution for every 


(to X)) e J x RH). However, a much stronger global result can be proved: 


THEOREM 1.8.1 Let J = [a,b], aa € J, and suppose that 
hyee cc Cl, D(H) b.nstienethen .1ve.(1) has ai unique solution on 


for every (t§/X) ed: He. 


Proof. We proceed by the classical method of successive approximations: 


Let 


and 


= 
X(t) =x +f (Als) #B(s)X__, (s) +X, _, (s)C(s) Ids 


t 
fo) 


for n> 1. By induction, it is easily seen that each Xft) is 


differentiable on J. Let 


K, = sup | Bct) || + sup || c(t) || 
ted Geu. 


and 


b 
kK, = [> || as) |lds. 
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necessarily continuous limit, say X(t). X(t) satisfies the equation 
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itz 
X(t) = 4 We [A(s)+B(s)X(s)+X(s)C(s)]ds 
fe) 
and hence is a solution of (1) on J. 


Now suppose that Y(t) is also a solution of (1) ina 


neighbourhood of t= = Then 


Xe. 
| xq tyewee hae ||| iA [B(s) (X(s)-¥(s)) 
1) 
+ (X(s)-¥(s))C(s) ]ds|| 
it 
1G le || ¥(s)-¥(s) |] ds. 


Applying Gronwall's lemma to the non-negative function 
h(t) = || X(t) -¥ (+) || we see that h(t) =O and hence X(t) = Y(t) 


wherever Y(t) exists. q 


COROLLARY 1.8.2 Theorem 1.8.1 holds on any interval J. 


Proof. Let a and b be the endpoints of J with a< b. The corollary 
follows immediately upon applying the theorem to intervals of the form 


[a,b] where an (b.) approaches a (b) from the right (left). 0 
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We will say X(tit x.) is a fundamental solution if Xo is non- 
singular. The main result of this section is to show that a 
fundamental solution is non-singular throughout J. But first we prove 


the following lemma: 


feel G.3s. Let .Uk= kayoin 7h © ClUu,0(H)'] ‘and J, = [a, +b, ] Cua. 


Then for any € > 0 and any ae J, there exists a 6 > 0 


independent of a such) that lf x(t;a,1)-1|| <e 


BOL val t | to. | <0. 
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Claim: S54 is..open, for ally, ny2uk. 


Proofsot;:Claim.»»Let ,\we S: for some4)k\> K...,Note that ;B(A; 2) cJ 


k S 


by our choice of K. In fact, there exists a 8) > O such that 


1 
B(A; K Poy? c J, also.imoinces: A. ¢ Sy then || X(t;A,I)-I]| <€ 


whenever te B(A; a But by the continuity of X(t;A,I) there exists 


k 
a 55 > 0 such that we also have || X(t;A,1)-1]| < € whenever 
: oe B(Aiz +85). Let ch = sup | Mea, 2) =2\| where the supremum is 
t 
1 
taken over B(A;E +6,)- Note that at See et Cn Sie Cy > 0. Now 


let AG} be a sequence of numbers converging to i. Pick Ny so that 


Jr 7A| < min{6,,5,} for all. n>N,. By Theorem 1.7.4, there exists a 


i 


subsequence {A } such that X(tpA_ ,L) converges uniformly on J 


; $) 
cf 
to X(tiA,1). Pick N, so that || xX(tid, .2) - Ke Ey econ for 
A. 
> 
all n, 2 Ny and all t ¢J,. Now suppose that n, > max{N, ,No} and 
t € BO ee Then -t.crgnea BOs +8 ) and hence we obtain 
n, k 3 k 2 


|| x(tsA_ ,I)-T]| 
n, 
ay 


Sal X(t; A ,I)-X(t;A,1) || 
i 


+ || x(tsA,0)-2|| <c, +e, =¢ 


i Thus e's for all n. > max{N_,N.}. This 
n at lL waz 


LOrears) te B(A 7k % 
i i 
proves Sy is open for all k > K and establishes our claim. 
{s be is therefore an open covering of the compact set J, and 
n 


hence, in view of (3), there exists a positive integer N such that 


: 1 
Sa 2 Jy for all n>N. Therefore the theorem holds with 6 = nN 
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We now prove the main result of this section. 


THEOREM 1.9.4 If J -= tarp, Ae -Cl3,B(H)], and to ed then X(t;t ,T) 


is non-singular throughout J. 


Proof. Since X(t;t ,T) is non-singular at t = ce Ltsis aise 
non-singular in a neighbourhood of es (by Theorem 1.3.3). Suppose that 
X(tit ,T) fails to be non-singular for all te J. Then there exists a 


neighbourhood (t -h_,t th) of t Such that ox Ces te.) ea senon— 
fe) fo) fe) fe) 


1 
Singular throughout this neighbourhood but is singular at an endpoint, 
say at t= 12h +eoTY Cee 

For any ae Waals it is possible, by Lemma 1.8.3, to pick a 
6 > 0 independent of a such that | X(t;A,I)-T|| < = LOroawt 
teewe(aa2o). “Then, by Coroliarvel. 3.2. X(tra,1). is ‘non-singular for all 
Peco late 20), Lets a. ty + he = a4: “Note that X(tit ,T) and 
X(t;t +h-s,I)X(t +h-d;t.,T) are, both solutions of X' = A(t)X that are 


equal when t = ee +f = 6. SByaungeueness: of solutions (Corollary 1.8.2) 


we therefore have 


X(t;t., 1) = XCee eo x(t rho 7t ., 2) (4) 
ce) ° ie) 1e) 


for. arl ‘t¢ J. Note that X(t;t +h-6,T) is non-singular for 
tec [t +h-36,t th+s] and X(t +h-d;t_,I) is non-singular. Therefore, 
from (4), we see that X(t;t.,T) is also non-singular for all 
Le [t +h-36,t thts] contradicting the fact it is singular at 
1 cla a gee #5 
fe) 


Therefore X(t;t.,I) is non-singular throughout J. 0 
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COROLLARY 1.8.5 Under the same hypotheses as in Theorem 1.8.4, 


X(tit ,X) is non-singular throughout J iff Xo is non-singular. 
Proof. The proof follows immediately from Theorem 1.8.4 since 
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CHAPTER II 


COMPARISON THEOREMS FOR SELF-ADJOINT, 


C*-VALUED RICCATI DIFFERENTIAL EQUATIONS 


§2.1 Properties of Solutions of Differential Equations and Differential 
Inequalities of Riccati Type 


Let J bea real interval, H a real Hilbert space and S the 
* 
set of self-adjoint operators in the C -algebra B8(H). Consider the 


self-adjoint, c*-valued Riccati differential equation 


R[X] (t) = X'(t) + AX (t)X(t) + X(t)A(t) 


+ X Ce) Bae) x(t) + ° C(t) = '0 GE) 


wnerel A, Be and (Care f£unetrons trom 90 “into S. If H= R”. then 
(1) is a self-adjoint matrix Riccati equation. In this chapter we 
generalize to the C*-algebra case the basic properties of self-adjoint 
Matrix Riccati equations that are to be found in the texts of W.A. Coppel 
Gi2ij. and Wats; Reid.) ( (234). 


The following assumption will hold throughout this section: 


Assumption: A,B,C € CLs) 


In this section we shall study the properties of solutions of both the 
Riccati differential equation R[X](t) = 0 and of the Riccati different- 
ial inequalities obtained when the equality is replaced by some inequality. 


We first study the relationship between two solutions of (1). 


THEOREM 2.1.1 Let J = (a,b). If X, (¢) and X, (t) are self-adjoint 


solutions of (1) on J such that X.5(c) > Xj (c) [Xo(c) > X,(c)] 
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for some ce J then X,(t) > X, (t) [X,(t) > X, (t)] 
throughout « iJ. 


X, (t) +X, (t) 
Proof. Let W(t) = X, (t) - X, (¢) and Y(t) = Tnubkas OMS” Lt ‘is 


easily verified that W(t) solves the differential equation. 


W' + W[A(t) +B(t) Y(t) ] 


+ [A*(t)+¥(t)B(t)]W = 0 
One. ALSO, 1f U(t)) ae ehersolution of 
Ule= (ACE Se Gee), | U(c) = at 
then we have 


[U* (t)W(t)U(t)]'’ = U'*wu + U*W'U + U*wWU' 


U* (A+BY) *wuU + U* [-W(A+BY) 


(A*+YB)W]U + U*W(A+BY)U 


1 


= 0. 


Since U*(c)W(c)U(c) = W(c) and U(t) exists and is non-singular 


throughout J (by Theorem 1.8.4) it follows that 


WPS ae Uwe) 0 C4) 


for all. it) € (J... Therefore,, ewe). 2 Oe {2 0) ‘then. wit), 0: [> '0] 
throughout J. That) Us,f 1 X, (c) > X, (ec) [x (c) > X, (c) J then 


X, (t) 2 X, (t) [X., (t) > Xx, (t)] throughout J. q 


Now suppose that X(t) is a solution of (1) but that Y(t) 


only satisfies a Riccati differential inequality. A result similar to 
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Theorem 2.1.1 still holds but a condition on the spectrum of the initial 


values of X(t) and Y(t) has to be added. 


THEOREM 2.1.2 Suppose that on J = [a,b] (or la;b))  XCt)- asia-self- 
adjoint solution of R[X](t) =0O and Y(t) is a self-adjoint solution 
Of ene differential inequality VRIY!] (t) >"0O [<-0] (such that Yta)> X(a) 
Ptaye< X{a)]\).and. 6 t Gitvapextasi*®..*fhen Y(t) > X(t) [Y(t).<-x(e)] 


throughout J. 


Poot. ,esuppose that... RiVi(t elo sonwsd. ands, .¥ (a) .>4X (a)... 4Since 

) ¢ of{Y(a)-X(a)] then Y(t) > X(t). for all t in some right neighbour- 
hood of t = a(by Corollary 1.5.9). Suppose that the inequality 

witty = X(t) » fails to hold throughout J. Then there exists a number 

che {a,;o) "such that “Cre 24 4Ge) on [ayc)*? and ¥(c) + AVE a 
follows from Corollary 1.5.7 that Y(c) > X(c) and aes exists a 


ate Hi eb°410 “such “that ~¥ (eyR Ss *x( cles Define’ "git +R “by 
° ° Oo ° 
g(t) = (T¥(t)-X(t)]x ,x)), 


Glearly ‘gft) >-O>ton” faye) @"and "gle)*= 0.“-Howéver, we have 


Oo 
A 


(RIV) Cola) 
(e) (@) 


GOR LY) Ci gB th Galax 515.3) 


({¥' (c)=X'(c) +A (c) (¥(c)-x(c)) 
+(¥(c)-X(c) )A(c)+¥ (c) B(c) ¥(c) 


~X(c) B(c) X(c) ]x>,x,) 


([¥' (c)-X" (c) ]x 0 ,x,) 


* 
+ (A (c) (Y¥(c)-X(c)) x +x) 
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tea CC) x, 7 AY (Cc) —X(c))x ) 
fe) ° 
+ (T¥(c) B(c) ¥(c) -X(c) B(c) X(c) Ix, x,) 
= ([¥" (c) -X" (c) ]x + x,) 
a (¥(c) Bc) [¥(c)-X(c) ]x ,x,) 


TmCBeC) xtc) x, 1 ¥ (Cc). —xX(c) fix) 
e) e) 


= (1¥(e)-x! (c) 1x 4x, ) 


gi (cy. 


Thus g'(c) > 0 which is a contradiction. Thus the inequality 
Yeu) = X(t) must hold througnout.. J. 


The other part of this theorem is similarly proved. 0 


By means of a limit argument and using the fact that the solution 
of a Riccati initial value problem depends continuously on the initial 
data we obtain the following stronger version of Theorem 2.1.2 where the 
condition 0 t o[{Y¥(a)-X(a)] has been eliminated and the condition that 


Riv] (t);> 0 ‘on. J has beenwweakened to > R[Y].(t) >.0 -on J. 


THEOREM 2.1.3 Suppose that on” “J)=*[a,b}**, (or [a,b)) X(t) is a-self- 
adjoint solution of R[X]t = 0, and Y(t) is a self-adjoint solution of 
the inequality R[Y](t) > 0 [<)0), such that Y(a) > X{a) 


iv tale< Xa) ):: Then Xb) eer Caley tt)en Xe) 1 chroughout wu. 


Proof. Suppose that R[Y](t) > 0 throughout J and Y(a)>X(a). For 
acne = 12,3; cer LEC X(t) be the self-adjoint solution of the 


Riccati equation 


R(X 1(t) = RIKI (t) +21 =0 
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satisfying the initial condition 
Safa e= 5X (a) om bie 
k i Sesiae 


Let a<ceuJ. Then, by Theorem 1.7.4, there exists a subsequence 


{xX (t)}. such that Xx (cy x(t) 'undtormlyion” {a/c]. “Note that 
i 8 


R, Pry =>-0) oni fa, Climandwr (a). > x (aye for) Weecie Sc a ee. 
- az 
since 
cy 
o[¥(a)-x, (a)] = of¥(a)-x(a)] + > 
+ is 
and 


o[¥(a)-xX(a)] ¢ [0,°) 


we see that 0 ¢ OLY (a) Xora ere steeds 2,73, 6.5 « Hence, by 


k 
i 
Theorem: 22k.2, Ytey> xX Common e Clo for lL = L,2,aye6% . and 
2 
therefore, by: Theorem’1.5.2, s¥(c)) > X(t). on fa,c].. Since. c was 


axbitrary in J, we must have a(t) > X(t) throughout iJ). The other 


part of this corollary is similarly proved. 0 


Our next result is a global existence theorem. It shows that if 
X(t) ease solution of — (1) suche that eta), > Xda) >. 2tay where: (2%) 
and Z(t) satisfy certain differential inequalities then X(t) exists 


and-is: “bounded™ by. Y(t) and’e2{t)') threaghout”™ J: 


COROLLARY 2.1.4 Suppose that J = [a,b] (or [a,b)) and the following 


hold: 


(i) Y(t) and Z(t) are self-adjoint solutions of the inequalities 
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Biv) (t)¢4 Oseand, R(ZIt)r< 0, respectively, on J. 
(hiy Vila) eZ tad 


(Zit) "Dis avself-adjoint* operator such that “Y{a) >°D°>"z(a). 


then the self-adjoint solution X(t) of R[X](t) = 0 ‘satisfying 


Rta) = D exists and satisfies; Y(t) > X(t) > Z(t) throughout J. 


Proof. Let [a,a) be the right maximal interval of existence 

Die n(t). By Theorem 2 ..o,etne inequality Y(t) > X(t) > Z(t) holds 
on. fa,a). By Theorem 1.575, x(t) is bounded on f[a,a). We must 
therefore have a= b, by Theorem 1.7.3. Thus the inequality 


M(t) > X(t) > Z(t) holdsvony [a,b) and hence throughout J. q 


We now show that Theorem 2.1.3 holds even if the inequality signs 


are replaced by strict inequality signs. 
THEOREM 2.1.5 Suppose that J = [a,b) and the following hold: 


(i) X(tY ds a) self-adjoint solution'of RIX] (t)-= 0° on J. 
(ii) Y(t) ais a self-adjoint solution of the inequality 


Bierce) = 0 "(=O "one (a saemeenar ya) > slay ~fe(a)" Sx tal). 
Mietieeey (tie xX (€) Mey (ey = eno) eeMrougnout *"o > 


Proof.. Suppose that R{¥}(t) = 0 on) J end Ya) > X(a). Let Z(t) 
be the self-adjoint solution of R[Z](t) = 0 that satisfies Z(a) = Y(a). 
Since R[Y¥](t) > 0 and R[X](t) < 0 on J then, by Corollary 2.1.4, 


Z(t) exists and satisfies Y(t) Zit) Sy X(t). throughout. J. | By 


Jv 


Theorem 2.1.1 however we must have Z(t) > X(t) throughout J. Thus 


Y(t) > X(t) throughout J. The other part of this corollary is 
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similarly proved. 


A corollary to Theorem 2.1.5 is the following result which shows 
that Corollary 2.1.4 holds with the inequality signs replaced by strict 


inequality signs. 


COROLLARY 2.1.6 Suppose that J = [a,b) and condition (i) of 
Corollary 2.1.4 hosds., In addition,—if” Y(a).> Z(a) and D is a self- 
adjoint operator such that Y(a) > D> Z(a) then the self-adjoint 
SOrgcIOn. X(t) Of  RiXWGResnon satisfying X(a) = Dis defined and 


secrsties Y(t) > X(t) 4eencje. turougnout | J. 


Proof. Let [a,0)‘ bé the right maximal interval of" existence of" X(t). 
By Theorem 2.15, the ineeeiee Niece uty OP Zt) WROLeseOrn, 1 bag). 

By Theorem 1.5.5, X(t) is bounded on [a,a) and hence, by Theorem 
i723, we must have  a@y=obiayotnuss 1¥(t)" > X(t) > Ze) ehroughout 


J = [a,b). 7 


If B(t) is non-negative or non-positive throughout J then the 


hypotheses of Corollary 2.1.4 and Corollary 2.1.6 can be weakened. 


THEOREM 2.1.7 Suppose that J = [a,b] (or [a,b)) and the following 
hold: 
Cie (BiCe)ye sr O* eps Ole oruane 
(ii) Y(t) ais a self-adjoint solution of the inequality 


R[Y](t) <0 [> 0] on J. 


Then any self-adjoint solution of R[X](t) = 0 that satisfies 


meee (a) Jf X(a) < Y¥(a)]_ is defined and satisfies X(t) > Y(t) 
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EX(CQ)sny(t)] throughout J. 


Proof. Suppose /that Bit) 7 G0 (tand AR{Yy{t) c<1O0 ton J and that 
X(a) > Y(a).. Let Z(t) be the self-adjoint solution of the linear 


differential equation 


R(Z](t) = Z' + ZA(t) + a(t)zZ 


Tae (fe). = Ll =. 0 
that satisfies 
Z(a) = X(a) + I. 
Z(t) -exists throughout J by mieorem Gls. BLSO, LObvalie tie, 


av) 


R[Z] (t) REZHAE Taste) B(t) Z(t) (+i T1 


{I 


- ZK BCE Z(t) +01 
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where the last inequality follows from the fact that I > O and 
Z(t) B(t) Z(t), > 0 on 2J.8 Since Zia) >) X(a) > Y(a) then, by Corollary 
Doi.a, X(t) is defined endvsaticties Z(t) > X(t) > Y{t) throughout 9 J. 


The other part of this corollary is similarly proved. q 


THEOREM 2.1.8 Suppose that J = [a,b) and conditions (i) and (ii) 
of Theorem 2.1.7 hold. Then any self-adjoint solution X(t) of 
R(X] (t) = 0 that satisfies X(a) > ¥(a) [X(a)< ¥(a)] is defined and 


SatisfieshdX(t) d>oY(t) SOL xye< X(t))] s@thraughout »J: 


Proof... Suppose: B(t)°</0c and (RIYP(t) 2.0 -on, J: and X(a) <<¥(a). 


Let Z(t) be the self-adjoint solution of the linear differential 
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oot ZAG). te A(t) SZ + C(t) + 5 


0 


X (a) Siw ott) exists throughout «J “by 


that satisfies Z(a) = 
Theorem 1.8.1. Also, for ali t ©¢ J, we have 
% 
REZ) CC) = ie ee S(t) B(t) Z(t) = 1 

=O ercpact) = 

< 0 
where the inequality follows from that fact that - I <0 and 
Stee eZ (te) < 0] on Ja eoancemey (a) > k(a) > Z(a) then, by Corollary 


Zeleo, &(t) is defined andsweatistaes Y(t)’ > X(t). > Z(t) -throughout J. 


The other part of this theorem is similarly proved. 


Suppose that X(t) as@ausoiution of (1) such that X(a) >.0 


or <X(a) < 0. 


The following results give sufficient conditions for 


to exist and be non-negative or non-positive throughout J. 


COROLLARY 2.1.9 Suppose that J = [a,b] (or [a,b)) and the following 


hold: 
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Proof. This follows directly from Theorem 2.1.7 if we take Y(t) 


il 
(@) 


On «J. 


COROLLARY 2.1.10 Suppose that J = [a,b] and conditions (i) and (ii) 
of Corollary 2.1.9 hold. Then any self-adjoint solution X(t) of 
R[X](t) = 0 that satisfies X(a) > 0 [< 0] is defined and satisfies 


Rear Osul<wO). -bhroughowéiend. 


Proof. This follows directly from Theorem 2.1.8 if we take Y(t) = 0 


On wew is 


§2.2 Standard Comparison Theorems 


Now consider the following pair of Riccati differential equations: 


RESP Ceara ee ree (tx + XA, (Ct) 
L al Bi 


eexoutty x + Cot) = 0, = 152 
ah 3h 


With the aid of the results from the previous section we have ready 


proofs of the following comparison theorems. 


THEOREM 2.2.1 Suppose that J = [a,b] (or [a,b)) and the following 


hold: 
ua A(t), B, (t) and Cc, (t) Melona to SC (d5o) Nana - de elo 
(ii)  Forteach) G5 3, (A, (t) -A, (t)) [A, (t) -A, (t)] is a non- 
negative scalar operator. (A scalar operator is an element of the 


closed subspace of B(H) that is generated by the identity operator I). 
i ied < < we 
(iii) By (t) 2 B, (t) P30 [B. (t) <B, (t) <0] on 


(iv) 0 > C)(t) > C(t) [0<C,(t)<C)(t)] on J. 
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(v) X, (t) is a self-adjoint solution of R, [X] (t) = 0 on “J 


such that X, (a) Pe Oe mite Once 


Then any self-adjoint solution X, (t) of R, [x] (t) = 0 such that 
X, (a) > Xz (a) [X, (a) < X,(a)] is defined and satisfies X, (t) > X, (t) 


[X, (t) < X,(t)] throughout oe 


Proof. Suppose that the first set of hypotheses hold. Since X, (a) 0 
then, by Corollary 2.1.9, X, (t) =O throughout, 5 Also, for all 


Cus, 


R, [X,] (t) - R, [x] (t) 


[A, (t) -A, (t) 1X, (t) ar X, (t) [A, (t)-A, (t) ] 


+ 


X, (t) [B, (t)-B, (t)]X,(t) + [c, (t)-C, (t)] 


> 0 


where the inequality follows from conditions (ii), (iii) and (iv). 
Thus R, [XJ (€) < R,[X,] (t) =0O on J. By Theorem 2.1.7 therefore, 
X, (t) is defined and satisfies X, (t) > X, (t) throughout” 43). 


The other part of the theorem is similarly proved. 0 


COROLLARY 2.2.2 Suppose that J = [a,b) and conditions (i) through 
(v) of Theorem 2.2.1 hold. Then any self-adjoint solution X, (t) of 
R, [X] (t) = O° such: that X, (a) > X, (a) [X, (a) < X, (a) ] is defined and 


satisfied X, (t) > xX, (t) [X, (t) < X(t) ] throughout J. 


Proof. Suppose that the first set of hypotheses hold. As in Theorem 


2.2.1, we again have R, [X,] (t) = 0. -On J. Since X, (a) > X, (a) then, 
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by Theorem 2.1.8, we must have X, (t) > X, (t) throughout J. 


The other part of the corollary is proved similarly. 


LE A, (t) =A,(t) on J then we obtain the following stronger 


2 


versions of Theorem 2.2.1: and Corollary 2.2.2. 


THEOREM 2.2.3 Suppose that J = [a,b] (or [a,b)) and the following 


hold: 


(i) A(t), B, (t) and C, (t) belong. to Cli,o\eetor i= 172 
and A, (t) = A, (t) SoA Cee for, 
(ii) Bj (t) > B)(t) 20 [B,(t) < B,(t) < 0] on a. 
C142) C(t) ane 


1, {*) =O O)} (On). J. 


(iv) X, (t) is a self-adjoint solution of the inequality 


R, [X] (t) <0 [> 0). €hroaghoue Sd: 


Then any self-adjoint solution X, (t) of R, [X] (t) = 0 that satisfies 
X, (a) 2 X, (a) [X, (a) < X,(a)] is defined and satisfies X, (t) > X, (t) 


[X, (¢) < X,(t)] throughout J. 


Proof. Suppose that the first set of hypotheses hold. Then for all 


gal ea 
R, [X,] (t) = R, [X51] (¢) 
= X, (t) [B, (t)-B, (t) 1X, (t) + [c, (t)-C, (t)] 
20 
where the inequality follows from conditions (ii) and (iii). Thus 


R, [X51 (€) < R,[X,] (t) <0 on J. By Theorem 2.1.7 therefore, X, (t) 
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is defined and satisfies X, (t) > X(t) throughout J. 


The other part of the theorem is proved similarly. 


COROLLARY 2.2.4 Suppose that J = [a,b) and conditions (i) through 
(iv) of Theorem 2.2.3 hold. Then any self-adjoint solution X, (t) of 
R, [x] (t) = 0 such that X, (a) > X. (a) [X, (a) < X, (a) ] is defined and 


satisfies X, (¢) > X(t) [X, (t) < X, (t) ] throughout Jie 


Proof. Suppose that the first set of hypotheses hold. As in Theorem 
2.2.3, we again have R, [X,] (t) =O, throughout: G2. Thus, by Theorem 
aad gS X, (t) is defined and satisfies xX, (t) > X, (t) throughout J. 


The other part of the corollary is proved similarly. q 
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CHAPTER ITE 


COMPARISON THEOREMS OF INTEGRAL TYPE 


In this chapter we give comparison theorems for the following 


pair of Riccati equations: 


| 
oO 


xt + xX? + Q, (t) (1) 


II 
S 


yx'o + y? fie Ct) (2) 


where Q. and © are functions from some real interval J into S. 
The comparison theorems in the previous chapter were those in which the 
coefficients of the differential equations (i.e. A, (t), B, (t) and 
C, (t)) satisfied some simple inequalities. In the comparison theorems 
of this chapter, it will be the integrals of oo and Ot&) ‘that 
satisfy an inequality. 

It will be necessary for us to assume that Q, (t) is a scalar 
operator and that (1) has a scalar operator solution for all te0J. 


The following assumptions will hold throughout this chapter: 


Assumptions: 


(1) Q, (t) - q, (t)I and O(t) ‘belong to Ci[uJ,S). 
(2) The Riccati differential equation (1) has a scalar 


operator solution X(t) = x(t)I on Jd. 


The comparison theorems in this chapter are generalizations of 
comparison theorems given by R.A. Jones ([14]) for matrix Riccat. 


equations. In attempting to generalize these theorems, an immediate 
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difficulty arises. The proofs for the matrix case make use of the fact 
ehateill “A(t “1s .coneinuous: in, ct .and A(t.) > OPENS eat), 2. O for 
all t in some neighbourhood of ae This of course isi net true if 4H 
is infinite dimensional unless we have the additional assumption that 
0 ¢ o(A(t.)). 

In this next theorem we overcome this difficulty by first proving 
an assertion with the additional condition that 0 3 o(A(t)) and then 
using a limit argument similar to that used in the proof of Theorem 


2.1.3 to eliminate this additional condition. 


THEOREM 3.1 Suppose that J = [a,b] (or [a,b)) and the following 


hold: 
(i) wv ads an element of (Cig, (0,~)] . such that 
WoiCey eet) x(t) 
and 
Dinh Gta ee EAE! OI. (eM * 
u u(t) u u 
By u(t) [Q, (t) +O (t) J en 48) 
Onw J. 
ae: are, 
(ii) f u°(s)Q,(s)ds > f u°(s)Q(s)ds 
a a 


Loreal = feed. 


Then (2) has a self-adjoint solution Y(t) defined and 


satisfying 
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2u' (t) 


R(t) < ¥(t) < Sy T= X(t) 
throughout J. 
Proof. Under the transformations 
U(t) = u(t)X(t) 
and 
Viewer (ty y(t), 
equations (1) and (2) become 
2 2 
WCE) US See) =. (t)9, (4) (3) 
and 
2 2 
Li) Ve eee ro ( tO (CT), (4) 


respectively. Note that by assumption (2) and hypothesis (i), 


U(t) = uw(t)x(t)I is a scalar operator solution of (3) satisfying 


u(t) < u'(t)T | (5) 
and 
2" (ey a cut (t) ru (er) 7 
+ u(t) [Q, (t)+Q(t)] > 0 (6) 
on? ay. 


To prove the theorem, it suffices to show the existence of a self- 


adjoint solution V(t) of (4) satisfying 
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Mey sv te) 2p tt) 1 — u(t) 


throughout J. 


We now consider the following assertion: 


Assertion: If instead of (6) we have the stronger condition 


2u"(t) + [ut (t) T-0 (4) 17 


Sele tees 

u(t) 
+ u(t) [Q, (t) Q(t) ] >nO:. Ohne WT C7) 

and in addition we have 

Ua). <u (a) Z (8) 


then any solution V(t) of (4) satisfying 


Ula) ea Viet (a) Ly, (9) 


O ¢ of2u'(a)I-U(a)-V(a)] and 


0 € o[v(a)-U(a)] 
exists and satisfies 
U(t) < Ve) seeueitc irs UX) 
throughout J. 


Proof of assertion: Let [a,®) be the right maximal interval of 
existence of V(t). From (9) we have V(a) < 2u'(a)I - U(a). Suppose 
the inequality V(t) < 2u'(t)I = U(t)  fails*to hold throughout [a,a): 
Since 0O ¢ o[2u'(a)I-U(a)-V(a)] then, by Corollary 1.5.9, there exists 
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2 ke) eC) at Yele) } Oi finusy (by) Corollary. 1.5.7,- there exists a 


Oo 


x © H; Xo # O such that [2u" (c) T-U(c)-V(c) ] x, = 0. Now define 


g: [a,a) +R by 


Then g(t) 


g({c) = 0. 


Since 


on, —-[a,a)’. 


and hence 


Therefore 


OV CC) Og so ae 
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is) differentiable on [a,a),\ g(t): >O0r,on; [a,c) and 


V(t) asvarsolution.of.: (4) on’ fa,a) (‘we have, 


1 2 
aE (Tut (t) V(t) -v (t) ]x,X)) 


u(t) (Q(t) x ,,x)) 


Let M(t) = u'(t)I - U(t). Then Vic) x, = [w' (c) T4M(c) 1x, 


1 — Pen) 1 1 
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conuradicting the factethar wot) >-0) on ‘[a,c) and g(¢) = 0. 
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Now suppose that the inequality U(t) < V(t) fails to hold 
tnroughout [a,a). Since (Va) > U(a) and Oo t o[{V(a)-U(a)] then, by 
Poro.lary 1.5.9, there extets au cve (a,a)? Such that Uc) < v(t). on 
tac) -and. U(c) t V(c). Thus, as before, there exists a Xo eH, 
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equation (10) are positive and the last is non-negative, which is a 


contradiction. We must therefore have 
UGE aver nate Cf) T = Ut) 


enrougnout fara). “Then, oy wneorem 1.5.5, V(t) is bounded on ~[a,a). 


V(t) 
u(t) 


of (2). Therefore; by Theorem 1.7.3, we must have a= b. Thus the 


Thus Y(t) is also bounded on [a,a), where Y(t) = is a solution 


inequality 

WGC av Cee (tL) To — Ut) 
horas on” fa,b) ae ee the inequality 

Ult) sv Coat) t+ Ut t) 


holds throughout J. This proves our assertion. 
Suppose now that the original hypothesis of the theorem holds. 
By 5)" we have’ u'(a)l > Ulajy “For any real numbers 1, define the 


self-adjoint operator A) by A, = (1-\A)U(a) + Au'(a)I. Then 


ofA, ] = {\[u"(a)-u(a) x(a) J+ (a)x(a)}. 
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2u'(a) - ula)xla) +e ofA] (12) 
for some positive integer k is countable. Therefore we can pick a 
number — do é (0,1) such that when A = dy neither “(i)r sner (2) 
holds for any positive integer k. 

Now suppose that ua) = u(a)x(a). Then ofA, ]) = {u(a)x(a)}. 
Thus again neither (VL) "nor? (12) "holds ‘for any is daants integer 
k when A = AS? 


Now let V(t) denote the self-adjoint solution of (4) 
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[V, (a) = V(a) - = Ij]. Note that for any k = 1,2,3,...,; we have 
iL 
U(a) - <1 < V(a) - oe < u'(a)I and hence U, (a) < V, (a) pS end OW hl Bs 


Note also that 


1 
o[V, (a)-U, (a) ] = at - (u(a)x(a)- oe 


and 


o[2u' (a) I-v, (a)-Vv, (a) ] 


vee 
(2u' (a) -u(a)x(a)+ ak) Pas 


and thus by our. choice of ms we have 


(sai 


A asiq aso ew etetorad Soe eres rt * mene viz toa 4 


(S.4) 


Pol xth) i)e ol JAld ep Magen et = 


tapesdl svittesd Vie tom eho “1e8) 


“ee 
pfon i i165) 8 (37 ee (ey ane 
mt ag t (o)0¥ (mh ty get Oo se 
b> ek % Pe re ‘4 a. 

} eA pir] 

= oem CS VETO ule) tr ee as Be ee 

7 R= he) 8 Sa eng dG tidsar | ha ns 

SVB SH ye 48 24 ee ee tod erty adeet C sie ee Posnih Pe ; 
4 7 


ES Braid C2 1's (+o svar e240 BW. Vk ou. Pow as 2 ah 


Scepxel ait ad 6 (peste "ok Jon peo Gale ‘x08 tna 


: dg 
a wae 
i he) 
a. Ne 
* , a i re ; r 
: Se. ' . 
: ee. Ge es : Sh aa a oD bie 
ead) i eh oe Ot ie ia pen ey 
; Sn eae Bad. eo 


} a 


son (£LF* yetteeaq Oe mite “rele: ‘saat igs fags 3 Pu i us 


Vert OM oy Al Sg Sd isdo: x6 Yel tat fs aM, Nite. Hey baa 


te es geen a7 


(See) RS bee CAT De ep ne ent 


av 
: E : c, ca ec; as Le i ; ee, 
te] i } et D. Ma 
: ; ’ } as ona tay! 
; ; ee i 5 AA Nee Cis 
i 


q ea " 
x ' 
{ h 
‘ Se”. 
‘ AT 
on if 
: "9 
4 ; 
a 2am v rh ‘ ; i a 


t pAle a Pecans lk 


eo Pe mterd=e) us) = tc 5) ake nae 508 


= / Pm , - ~ at 
., Swethew  k %, fh 
) , Svea p sh ad bo Sal oils 
i : 
s_& ie By 4 i id 


60 


o¢ o[v, (a)-U, (a) ] 
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and 


0 $ o[2u"(a)I-U, (a)-V, (a) ] 


for all positive integers k. 
Now let 6 e€ (0,a-c). By Theorem 1.7.4, there exists a sub- 


sequence {U,, (t) } [{v, (t)}] that converges uniformly on [a,c+é] to 


i i UL (ots) () 
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By Theorem 1.5.5, V(t) is bounded on f[a,a) and hence, by Theorem 


Pol eoy we Nave) &@- = bb.) hae <Y(t)' = ves} is a self-adjoint solution 
of (2) which exists, and satisfies 
2h tt) 
Rete ey ete rene Lm Xe (CC 
C(t) sity Ss u(t) (t) 
throughout J. O 


A result similar to Theorem 3.1 also exists for solutions to the 


left. 


COROLLARY 3.2 Suppose that J = [a,b] (or (a,b]) and the following 


holds 
(i). gs an elementyor PCTs, (0,-))] such that 
ye) LT <= y(t) x(t) (13) 
and 
20 tt) Les 2 {u'(t)I- (t) x(t) 17 
u u(t) u u 
a u(t) (9, (t) +Q(t) J > 0 (14) 
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e 2 5 2 
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Vp | ies) 
See IS OSS) SS Nay es (Ge 
Tae Me iy te) te) 
throughout J. 
Preor. Let c <J..; Then theitunction, g(t).= c+ b- t maps .[c,b] 


onto itself. We make the following transformations: 
U(t) = "—x(gCe)), MGoy = »-¥¢g (t)) 


Q(g(t)) 


R(t) = 9, (9(t)), R(t) 
and p(t) = uig(t)). 


Then U(t) is a scalar operator solution of 


on [c,b] and (2) becomes 


Vitae Vv" PoRit) = 0. (16) 
From (13) we obtain 
OCU Ceo h(E) r 


on [c,b]. Making the change of variable s = g(u), we obtain from (15), 


g(t) 5 g(t) , 
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ep) eee 
Ls 0 (u) R, (a) du > f p~(u)R(u)du 
Cc 


Por ali) tc c,d]. "Replacing “te by g(t) in (14), we get 


2 


: , 2 
6 (t) tor Coy i-9 (eb) Ut) 


20°, CO) gar 


+ p(t) [R, (t)+R(t)] > 0 


for all tc [c,b]. Thus, ¢by Theorem 3.1, (16) has a self-adjoint 


solution, V(t), defined and satisfying 


zon (t) 


Ae) I - U(t) 


UCD sy (eyes 


throughout [c,b]. Or equivalently, 


pore (g(t) 


u(g(t) ) ee 


-X(g(t)) < -¥(g(t)) 


for ail tt ¢ [c,b], where Pyttjee 1s a self-adjoint solution of . (2) 
defined by Y(t) = -V(g(t)) for all tc [c,b]. From the last inequal- 


ity we also obtain 
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In the following comparison theorem, limit arguments such as the 
one used in the proof of Theorem 3.1 do not work. We therefore have an 
additional condition on the spectrum of the initial value, a condition 


that is not needed for the proof of the matrix case. 


THEOREM@S oS? i'Supposes that dasiila,bje (ore [a;b)')c) andisl A ~isxaxself- 


adjoint bounded operator such that 


=e ic 
-x(a) +f Q,(s)ds > -A +f Q(s)ds 
a a 
ic 
> x(a) - {| Q, (s)ds (17) 
a 
EOrealD. ) Cen ana 
{-x(a),x(a)} n ofA] = 9. (18) 


Then the self-adjoint solution Y(t) of (2) satisfying Y(a) =A 


exists and satisfies 


XC) Ge = X(t) 


throughout J. 
Proof. We first consider the following claim: 
Claim: Y(t) satisfies the conclusion of the theorem if A _ satisfies 


the stronger condition 


t t 
-x(a) + [| Q,(s)ds >-A + Jf Q(s)ds 
a a 


12 
> x(a) - | Q,(s)ds (19) 
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fails to hold throughout 
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Corollary 1.5.9, 


Mit) <'-x(t) on “[a,e)) andra vic) ¢ -x(c). 
then exists a x ¢ H, x wrOoe such that °Y(c)x = 
fe) fe) fe) 
t e¢ [a,a) we have 
i ae t 
-y(t) = -y(a) + f yY“(s)ds + f Q(s)ds 
a a 
and hence, using (19), we get 
S505 ¢ 
-¥(c) = -y(a) + f y“(s)ds + f Q(s)ds 
a a 


This contradicts the 


Therefore Y(t) < -X 
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« Y(a)< -X(a)!. 
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be the right maximal interval of existence 


-X(a) > -Y(a) > X(a) 


< =X (t) 


-x (a) 
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bye, CLS): 5,20 ¢ O[Yta)ji-X(ajil. > Thus, by Corollary 1.5.9., there exists a 
nimdery Cxe.(a,O) | SUCH thace 2 4c) > X(t). on? [a,c)i) ‘and. Yc) + X(e)s 
By Corollary 1.5.72) sbhere: exists a Xo Sau, Xo # O such that X(c) x, 
= Y(c)x,- We: now have joe yee’ (tt) < =K(t) .on [a,c) cand since X(t) 


and Y(t) commute we also have 


OFs IRE) (—X (te) Yt) ] 


ex CL) 


on f[a,c). Using (19), we thus get 
c ens 
~Y(c) = -¥(a) + f Q(s)ds oe Y“(s)ds 
a a 


Cc Cc 2 
<'-X(ay jp ey tsids +f |x” (s)ds 
a a 


= -X(c). 


This contradicts the fact that ({-X(c) +¥ (c) ]x 7x) = 0. Thus 
MAE) eV (L)ei<e-XCt) @.0n Wala, ata amen 7. by (Theorem::1<5.5, Y(t) is.bounded 
on f[a,a) and, by Theorem 1.7.3, we must have a= b. Thus 
R(t) < Vit) < -X(t) ono elapomerana hence X(t) < Y(t) < +X(t) 
throughout J. This proves our claim. 

Now suppose that A _ satisfies the hypothesis of the theorem. 
Let f[a,a) be the right maximal interval of existence of Y(t). Putting 
t= ain (17) we see thataexta) = Y (ales -X (a). Suppose ithe 
inequality «X(t)> <.¥.(t)*i<ieX (tj) fails to shold throughout vi[a,a). Let 
c.¢ {a,a) be the largest number such that the inequality X(t) < Y(t) 


< -X(t) holds on fa, cl. Notenthat LOL eachmiik = 0102) Secs ose, 
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te 
(xta)Peyet | 0 (ids > “vy (a) 
K ae 
te 1 t 
| (iene etait t= f 9, is)ds 
a a 


forma. Cel. FOr wkrewiee ore «sy Let X(t) be the scalar operator 
solution of (1) such that x (a) = X(a) - =I. Let oe 7 (070=c) ae by 
xX 


Theorem 1.7.4, there exists a subsequence { (t)} which converges 


i 
uniformly to X(t) on fa,cto?t. Also, since x(a) and -x(a) are 


k 


elements of the open set p[Y(a)] then there exists a N > O. such that 


1 1 44 
{x(a)- qe (a) t a n o[Y(a)] = 9 


for all k > N. By our ‘claimgrhererore 


(ey < By eee) on fasots) 
ee 


for all k. 2 oN.) Hence xX (cee tye —X(t) on f{a,ctd] “contradicting 


the definition of c. Thus the inequality 
X(t pe (ey X(t) 


holds for all, t ¢ [a,ad.i- 3Byetneorem 1.55.5; . Y(t) -is bounded on fa,a) 


and hence, by Theorem 1.7.3, a= b. Therefore, the inequality 
KCC. Cer a KC) 


holds throughout J. This completes the proof of the theorem. q 


A result similar to Theorem 3.3 also exists for solutions to the 


left. 
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COROLLARY 3.4 Suppose that J = [a,b] (or (a,b]) and A isa self- 


adjoint bounded operator such that 


b b 
X(b) +f Q.(s)€s > -A+f Q(s)ds 
1 on! 
t 2 
b 
Pex) WOi(e)ds on, J (20) 
c 
and 
{-x(b),x(b)} n ofA] = 9. (21) 
Then the self-adjoint solution Y(t) of (2) satisfying Y(b) = -A 


exists and satisfies 
=iC ee (te) .< X(t) 
throughout J. 


Proof. Let, ¢.¢. &.. Thenvthessunceion g(t) =c +'b:—- £ maps. [c,b] 


onto itself. We make the following transformations: 


=¥ (g(t) ) 


=KUGCE)) V(t) 


U(t) 


RCC) 


Q(g(t)), R, (t) Q, (g(t)). 


Then U(t) is a scalar operator solution of 
US 7 Uae R, (t) = 0 on {c,b] 
and (2) becomes 


vi + v2 eR (t)) =O. (22) 
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Noting that X(b) = -U(c) and Making the change of variables s = g(u), 


(3) becomes 


g(t) g(t) 
-U(c) + f R, (u)du > -A + [ R(u) du 
Cc Cc 
g(t) 


> u(c) - f Ret Wiicis efor sat | se eeuic, 1. 
Cc 


Or equivalently, 


Ve c 
-u(c) + f R, (udu > -A + f R(u) du 
Cc Cc 
et 


2 UNC) ae f R, (u) du fOr all oet ciloy 
c 


Note also that o[-U(c)] = {x(b)} and hence by (21), 
O[-U(c)il nolAL aio sands OfUc)h. ao [Al = 6. 


Therefore, by Theorem 3.3, there exists a solution V(t) of (22) that 
exists and satisfies U(t) < V(t) < -U(t) throughout [c,b]. Then 
Y(t) =—Vig(t)) is a solution of ;(2) that exists and satisfies 

x (tees VCC) =X CE) throughout [c,b]. Since this is true for 
arbitrary © in J, then, V(t) exists and ‘satisfies -X(t)i< Yr) go x(e) 


throughout J. Note that Y(t) is the solution of (2) for which 


Y(b)e = =V.(6)) = A. q 
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CHAPTER IV 


APPLICATIONS AND ADDITIONAL 


COMPARISON THEOREMS 


In this chapter we establish a form of Hille's comparison theorem. 


Our result is a generalization to the c*-algebra case of a comparison 


theorem that Heidel [12] gives for real scalar functions. We also 


combine the results of the previous two chapters to formulate additional 


comparison theorems for the following Riccati differential equations: 


R, [x] Ce) Sy XO tee) x + XP (t) xX + -O(t) = 0 


| 


R, [X] (Cys Xe At OCC): = 0 


R, [xX] (te) mae $ <a Q(t) = 0. 


P and Q are functions from some real interval J into So land r 
is a real-valued function on J. Unless otherwise specified the 


following three assumptions hold throughout this chapter: 


Assumptions: 


(DyieetPee Cld;s! (and Oncsh(t) <p lon |v. 
(Ayr Ore Chg ade 


Coy one, Cldy (97 Oe 


The following theorem gives sufficient conditions for eS Beats) 


have a positive solution on J. 


THEOREM 4.1 Suppose that J = [a,b] (or fa,b)) and the following 


hold: 
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(i) 9) é C[J,5] and Q,(t) > Q(t) on J. 
(ii) X(t) is a positive solution of the inequality 


x! + x? + Q, (t) SO) Onsaed 


then any self-adjoint solution, Y(t) of (1) that.satisfies Y(a) > X(a) 


exasts and satisfies s¥(t) 2ex(t) +>).0 throughout J. 


Proof. Let Z(t) be the self-adjoint solution of (2) such that 
ite) = X(a). i By assumption es (1). we have, 0 < P(t) < I..on J and 
mence;, by Theorem 2.2.3, |) 2(G)\ exists and satisfies) Z(t) > x(t) ‘on J. 


However, 
R, [Z] (t) = A(t) Z(t) < 0 


on..J. Thus, by Theorem) 2.137, Y(t) exists and satisfies 


wCt) > 2(t)( > X(t) > 0 “throughout J. q 
Note that X(t) = (yt is a positive scalar operator solution 
(ep Ane Game ay x? + (+51 = 0 on any positive real interval. An application 
4t 


of Theorem 4.1 is the following: 


COROLLARY 4.2 Suppose that J = [a,b] (or [a,b)), with a> 0, and 
al 


Cea ( x) on. JU. )4tnengangyselt—adjoint solution Y(t), of. (1) 


4t 
: 2 
that satisfies Y(a) > (a1 exists and satisfies Y(t) > (>p)I 


throughout J. 


Proof. The proof follows immediately from Theorem 4.1 if we take 


1 ee 
Q, (t) = Bava and’ X(t)" = (Spl: : 


The following theorem gives sufficient conditions for (2) to 
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have negative solutions. 


THEOREM 4.3 Suppose that Q(t) > G tee 72 and “PCG 7ir on 
J = [a,~), where € and a are positive real numbers. If X(t) 
as a self-adjoint solution of /(2) such that. X(a) < 0, then 


X(t) < 0 throughout (a,a), the right maximal interval of existence 
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Proof. Let y(t) be the real valued solution of the differential 


equation 


(4) 
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that satisfies the initial condition y(a) = M(X(a)). Let [a,8) 

be the right maximal interval of existence of y. It is a well known 
fact (e.g. Hartman [10], p. 362) that the second order differential 
equation corresponding to the Riccati equation (4) is oscillatory. 
Thus’ -@ <je and it follows that. v(t) 4+ -© as t > 8. Since 

y(a) <0, we see that y(t) <0 throughout (a,8). The scalar operator 


y(t)I satisfies the differential inequality 
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+ [olt)-( + )t“T) >°0 
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We now combine Theorem 3.1 with the results of Chapter II to 
obtain the following comparison theorem for (1). 
THEOREM 4.4 Suppose that.) Gs=ita,b). (or fa,b)), a > 0; and the 
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Then (1) has a positive solution Y(t) that exists and satisfies 


¥(t) > throughout J. 


Proof. Note that the hypotheses of Theorem 3.1 are satisfied with 
Q, (¢) = (45)1 and xX(&) = Cra and hence (3) has a self-adjoint 
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throughout J. Let s(t), bes the self-adjoint solution of “(1) such 
that Y(a) = V(a). Then, by Theorem 4.1, Y(t) exists and satisfies 
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: . Oak: 
If we take the special case u(t) =t in Theorem 4.4 we obtain 


the following corollary: 


COROLLARY 4:5 Suppose trac. .= [a,b] (or ([a,b)), a> 0, and: 6 is a 


real number not less than such that 


i 
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1 3 AP 
4(9- 3). (8- SI + t°Q(t) > 0 


and 


on J. Then (1) has a positive solution X(t) that exists and 


satisfies X(t) > (1 throughout. J. 


Proof. The proof follows immediately from Theorem 4.4. q 


Another special case of Theorem 4.4 is the following: 


COROLLARY 4.6 Suppose that J = [a,b] (or l[a,b)), a > 0, and the 
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Proof. The proof follows immediately from Theorem 4.4. 


Combining Theorem 3.3 with the comparison theorems of Chapter II 


gives us the following result: 


THEOREM 4.7 Suppose that J = [a,b] (or f[a,b)) and the following 


hold: 


(i) Q)(t) = qd, (t)I é.Cls,S] 
(ii) X(t) = x(t)I is scalar operator solution of 
x' + x? + Q, (t) =COo (On sae 


(iii) A is a self-adjoint operator such that 
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Then (2) has a self-adjoint solution Y(t) that exists and 


satisfies Y(t) > X(t) throughout J. 
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by Theorem 3.3, Z(t) exists and satisfies X(t) < Z(t) < -X(t) 
throughout J. By assumption #(l).wevhave -0,< P(thiceq on 3 and 


hence, by Theorem 2.2.3, ¥(t) exists and satisfies Y(t) > Z(t) > X(t) 
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An application of Corollary 3.4 when Q, (¢) = (45)1 and 
4t 
X(t) = (1 is the following: 


VHEOREM (4.9 Suppose“that (J, = a,b) (or, (a,b)), a > 0, and..A is a 


self-adjoint operator such that 
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Then (2) has a self-adjoint solution Y(t) that exists and satisfies 


v(t) > (= 5)I throughout 5. 


Proof. By Corollary 3.4, the self-adjoint solution Z(t) of (3) that 
satisfies Z(b) = A exists and satisfies (- I <2 2,Ge) < (1 On) “iJ. 
By Theorem 2.2.3 therefore, (2) has a self-adjoint solution Y(t) that 


exists and satisfies Y(t) 2 Zz) > (- 301 throughout J. q 


The following form of Hille's comparison theorem is a generaliza- 


tion of a comparison theorem that Heidel [12] gives for the scalar case. 
THEOREM 4.9 Let J = [a,*) and suppose the following hold: 


(i) Q, (t) S q, (t)I is a continuous function from J into S&S, 
(ii) X(t) = x(t)I is a positive scalar operator solution of the 
. ; 2 
Riccati differential equation X' +X + Q, t) = 0: )-on) J. 


(iii) The integrals in Q, (s)ds and ie O(s)ds exist and satisfy 
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Then (1) has a positive solution on J. 


Proof. Note that” x(t) ds a real, positive solution of 


grape ty a, (t) = 0 (5) 
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therefore, by a lemma of Hartman ([10], lemma 7.1, p. 365), we also have 
Ne CoCetee < (ye Now suppeseminatevar<'t < A. Integrating | (5) . over 
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where the inequality is due to the fact that Y(t) and X(t) commute 
ands OfS5Y.(t) Sek ()eformesach. tle J. 

Now let Z(t) be any self-adjoint solution of (3) such that 
Z(a) > Y(a). By Theorem 2.1.7, Z(t) exists and satisfies Z(t) aren At) 
B20 Ehroughouts- vdeo ei naay tt Ut) is any seieesdcoine solution 
of. (1) such that. U(a) > Z(a) then, by Theorem 4.1, U(t) exists 


and: ‘satisfies. U(t) > Z(t) "> 0 throughout J. 


An application of Theorem 4.9 is the following: 


COROLLARY 4.10 Let J = [a,~), a > 0, and suppose that for each teJ 
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Then (1) has a positive solution on J. 


Proof. The proof follows immediately from Theorem 4.9 if we take 
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In our thesis we have limited ourselves to the study of 
existence and comparison theorems for Riccati differential equations in 
a C*-algebra. Research has also been done on second order differential 
equations and oscillation theorems in C*-algebras. We refer, for 
example, to the text by Hille ([13], Chapter 9) and to the research 
papers of G.J. Etgen and R.T. Lewis [8], G.J. Etgen and J.F. Pawlowski 
fot soT8t. Hayden and) H.C. Howard [11], and.C-H. williams [28]. 


To study oscillation theorems ina Cc*-algebra, one of course has 
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to first define what a "zero" of a C*-valued function is. This is done 
in a natural manner by defining the C*-valued function X(t) to havea 
MZero ate tt = te ss it is singular at that point. Now suppose that 
X(t) is a solution of a differential equation on J = [a,~). We say 
that this solution is oscillatory if a) there exists a sequence 

{tt Pree. such thae ioe > eo and X(t) is singular, and b) there 
exists at least one number ceéJ_ such that X(c) is non-singular. Note 
engage sit A) is’ a/self~adjoinesopergtor such that, ,A ?scla.or.. Av<ysct 

for some c> 0O then A is non-singular. With this in mind, we can see 
that Corollary 4.2, Theorem 4.4, Corollary 4.6 and Corollary 4.10 of this 
section give sufficient conditions for the Riccati differential SES 
to have solutions ehee have noe zeros" on J = [a,;"), a > 0. That is, 
these results can be interpreted as being non-oscillation theorems. 

There are still a great many of the standard oscillation and comparison 


theorems that have yet to be generalized to the C*-algebra case. 
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